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1 Introduction
This is a survey paper. We study the Ricci curvature and spectrum of graphs, as well
as the exterior forms and deRahm cohomology on graphs.
2 Geometry and Spectral theory for Graphs
2.1 Ricci curvature on graphs
Let G = (V,E) be a graph, where V is a vertices set and E is the set of edges. For
x, y ∈ V , x ∼ y means that x is adjacent to y.Let dx denote the degree of the vertex
x. If dx < +∞ for all x ∈ V , we say that G is a locally finite graph. If dx is same
for every x, we say that the graph is a regular graph. For two vertices x and y, the
distance between x and y is the number of edges in the shortest path joining x and
y.The diameter of a graph G is the maximum distance between any two vertices of G.
We always assume that G is connected, which means that any two vertices of G can be
connected by a path in G.
The first definition of Ricci curvature was introduced by Fan Chung Graham and
S. T. Yau in 1996[6]. In the course of obtaining a good log-Sobolev inequality, they
found the following definition of Ricci curvature to be useful:
We say that a regular graph G has a local k-frame at a vertex x if there exists
injective mappings η1, . . . , ηk from a neighborhoood of x into V so that
1. x is adjacent to ηix for 1 ≤ i ≤ k ;
2. ηi x 6= ηj x if i 6= j .
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The graphG is said to be Ricci-flat at x if there is a local k-frame in a neighborhood
of x so that for all i , ⋃
j
(ηiηj)x =
⋃
j
(ηjηi)x .
For a more general definition of Ricci curvature, we need the following.
We first define the Laplace operator on graph without loops and multiple edges.
The description in the following can be used for weighted graphs. But for simplicity,
we set all weights here equal to 1.
Let V R = {f |f : V → R}. The Laplace operator ∆ of a graph G is
∆f(x) =
1
dx
∑
y∼x
[f(y)− f(x)]
for all f ∈ V R. For graphs, we have
|∇f(x)|2 = 1
dx
∑
y∼x
[f(y)− f(x)]2 .
We first introduce a bilinear operator Γ : V R × V R → V R by
Γ(f, g)(x) =
1
2
{∆(f(x) · g(x))− f(x)∆g(x)− g(x)∆f(x)} .
The Ricci curvature operator Γ2 is defined by iterating the Γ:
Γ2(f, g)(x) =
1
2
{∆Γ(f, g)(x)− Γ(f,∆g)(x)− Γ(g,∆f)(x)} .
Definition. The Laplace operator ∆ on graphs satisfies the curvature-dimension type
inequality CD(m,K) (m ∈ (1,+∞]) if
Γ2(f, f)(x) ≥ 1
m
(∆(f(x)))2 + k(x) · Γ(f, f)(x)
We call m the dimension of the operator ∆ and k(x) the lower bound of the Ricci
curvature of the operator ∆.
It is easy to see that for m < m
′
, the operator ∆ satisfies CD(m′, k) if it satisfies
CD(m, k).
Remark. We find that:
∆(|∇f(x)|2) = 1
dx
∑
y∼x
1
dx
∑
z∼y
[f(x)− 2f(y) + f(z)]2
− 2
dx
∑
y∼x
1
dy
∑
z∼y
[f(x)− 2f(y) + f(z)][f(x)− f(y)]
and
Γ(f,∆f)(x) =
1
2
1
dy
∑
y∼x
[f(y)− f(x)][∆f(y)−∆f(x)] .
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From the definition of the Ricci curvature operator, we obtain:
Γ2(f, f)(x) =
1
4
1
dx
∑
y∼x
1
dy
∑
z∼y
[f(x)− 2f(y) + f(z)]2
−1
2
1
dx
∑
y∼x
[f(y)− f(x)]2
+
1
2
[
1
dx
∑
y∼x
(f(y)− f(x))]2 .
We see that the lower bound of the Ricci curvature k(x) only depends on those
vertices with distant at most 2 from vertex x. So we can choose the function f(x) to
be supported only on those vertices.
• Suppose ∆ is the Laplace-Beltrami operator on a m-dimension complete con-
nected Riemannian manifold M .
Bochner’s formula indicates that
Γ2(f, f)(x) = Ric(∇f(x),∇f(x)) + ‖Hessf(x)‖22 ,
where Ric is the Ricci tensor on M and ‖Hessf‖2 is the Hilbert-Schmidt norm
of the tensor of the second derivative of f . Since ‖Hessf‖22 ≥ 1m (∆f)2, so we
say that ∆ satisfies the CD(m, k) if and only if the Ricci curvature at x on M is
bounded below by k.
• In 1985, Bakry and Emery[1] considered these notions on metric measure space
where the operator ∆ is the so-called diffusion operator, that is ∆ satisfies the
following chain-rule formula: for every C∞ function Φ on R and every function
f ,
∆φ(f) = φ
′
(f)∆f + φ
′′
(f)Γ(f, f).
The Laplace operator ∆ on graphs does not satisfy the chain-rule formula. But
by the following Lemma, it is the correct operator for defining the Ricci curvature
operator on graphs.
In the classical case, Γ(f, f) = 12 |∇(f)|2. On graphs, we also have
Lemma. Suppose G is a locally finite graph and ∆ is the Laplace operator on G, then
Γ(f, f) =
1
2
|∇f |2.
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Proof.
∆(f2(x)) =
1
dx
∑
y∼x
[f2(y)− f2(x)]
=
1
dx
∑
y∼x
[f(y)− f(x)] · [f(y) + f(x)]
=
2
dx
∑
y∼x
[f(y)− f(x)] · f(x) + 1
dx
∑
y∼x
[f(y)− f(x)]2
= 2f(x)∆f(x) + |∇f(x)|2.
So
Γ(f, f) =
1
2
[∆(f)2 − 2f∆f ] = 1
2
|∇(f)|2.
For the Ricci curvature operator on graphs, we have the following theorem.
Theorem (Y. Lin, S. T. Yau[13]). SupposeG is a locally finite graph and d = supx∈V dx
(where d can be infinite). Then we have
Γ2(f, f) ≥ 1
2
(∆f)2 + (
1
d
− 1)Γ(f, f)
i.e. the Laplace operator ∆ on G satisfies CD(2, 1d − 1).
Remark. The Ricci-flat graph in the sense of Chung and Yau satisfies CD(∞, 0).
We also can obtain an eigenvalue estimate for the finitely connected graph.
Suppose a function f(x) ∈ V R satisfies
(−∆)f(x) = λf(x) ,
then f(x) is called the eigenfunction of the Laplace operator ∆ on G with eigenvalue
λ.
We prove the following result which is similar to the classical result of Li and Yau
on compact manifold with Ricci curvature bounded below.
Theorem (Y. Lin, S. T. Yau[13]). Suppose G is a connected graph with diameter D,
then the non-zero eigenvalue of Laplace operator ∆ on G
λ ≥ 1
dD(exp(dD + 1)− 1) .
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Notice that there is a well-known estimate for the eigenvalue of Laplacian on graphs
λ ≥ 1
DV olG
,
where V olG =
∑
x∈V dx.
The proof of the above Theorem is similar to the proof of Li and Yau on manifold
by using the following gradient estimate
|∇f(x)|2
(β − f(x))2 ≤ d(
1
β − 1λ+ 1)
2 ,
where β > 1.
For the graph with Ricci curvature bounded below by a positive number, There
are the following eigenvalue estimate which is similar to the Lichnerowicz theorem in
Riemannian manifold. We can also show the estimate is shape for m =∞ and m = 2.
Theorem (Fan Chung, Y. Lin, Y. Liu[4]). Suppose a finite graphG satisfies theCD(m, k)
with k > 0, then the non-zero eigenvalue of ∆ on G
λ ≥ m
m− 1k.
3 Harnack inequality and eigenvalue estimate on graphs
3.1 Harnack inequality and eigenvalue estimate on graphs
In this section, we will establish the Harnack inequality, as a consequence, we get
eigenvalue estimate for graphs with Ricci curvature bounded below by some constants.
The idea is to use the maximum principle similar to the Euclidien and manifold
case.
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We can prove the following Harnack type inequality. The idea of proof comes from
[3] and [2].
Theorem (Fan Chung, Y. Lin, S. T. Yau[5]). Suppose a finite graph G satisfies the
CD(m, k), f ∈ V R is an eigenfunction of Laplacian ∆ with eigenvalue λ. Then the
following inequality holds for all x ∈ V .
|∇f(x)|2 ≤ [(8− 2
m
)λ− 4k] sup
z∈V
f2(x).
As a consequence, we can get an eigenvalue estimate for graphs.
Theorem (Fan Chung, Y. Lin, S. T. Yau[5]). Suppose a finite connected graph G satis-
fies CD(m, k) and λ is a non-zero eigenvalue of Laplace operator ∆ on G. Then
λ ≥ 1 + 4kdD
2
d · (8− 2m ) ·D2
where d is the maximum degree and D denotes the diameter of G.
Remark. This means we still have an eigenvalue lower bound for graphs with Ricci
curvature bounded below by some negative number, that is when
k > − 1
4dD2
.
For graph with non-negative Ricci curvature. We have:
Corollary. Suppose a finitely connected graphG satisfiesCD(m, 0), then the non-zero
eigenvalue of ∆ on G
λ ≥ 1
(8− 1m )dD2
.
Remark. Fan Chung and Yau proved a similar result for so-called Ricci-flat graphs[6].
The Ricci-flat graphs satisfy CD(∞, 0). Chung and Yau gave an example that showed
their eigenvalue estimate λ ≥ 18dD2 is a sharp one for Ricci-flat graph. If m < ∞,
then we have a better estimate. For example, ifG is a triangle graph with three vertices,
then m = 2.
This is the key lemma to prove the functional inequalities in this section.
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Lemma. Suppose G is a finite connected graph satisfying CD(m, k), then for x ∈ V ,
we have
(
4
m
− 2)(∆f)2 + (2 + 2k)|∇f |2 ≤ 1
dx
∑
xy∈E
1
dy
∑
yz∈E
[f(x)− 2f(y) + f(z)]2.
By using the above lemma, from the CD(m, 0) condition, we can obtain
∆(|∇f(x)|2) ≥ 2λ|∇f(x)|2 − 4
m
λ2f(x) .
Meanwhile, we have
∆f2(x) = 2λf2(x)− |∇f(x)|2 .
We can then use a maximum principle for function |∇f |2(x) +αλf2(x) as Chung and
Yau did.
For the proof of the corollary, we shall note that for the eigenfunction f(x), we
have
∑
x∈V dxf(x) = 0 .
3.2 Higher order eigenvalues
First we consider distance functions on vertices set V . We assume that we are given
some distance function on V and denote it by ρξ(x). Denote by Bξ(x) the ball defined
by ρ, that is
Bξ(r) = {x : ρξ(x) < r}
Let us assume that ρξ has the following property:
| ∇xyρξ |≤ 1
for any edge xy ∈ E and for any vertex ξ ∈ V , where
∇xyf = f(y)− f(x)
7
is the value of the gradient of f assigns on each ordered pair x, y ∈ V .
Next, we will need the following constant characterizing a structure of edges at the
boundary of the ball Bξ(r). Given points ξ, x ∈ V , consider the following sum of σxy
over all points y adjacent to x and satisfying ρξ(y) < ρξ(x):
µ(ξ)x =
∑
{y:y∼x and ρξ(y)<ρξ(x)}
σxy
Here σxy is the weight of edge xy. Clearly µ
(ξ)
x ≤ µx, where µx is defined to be∑
y:y∼x σxy . We regard µx as a measure on vertices, namely for any subset Ω of
vertices, µ(Ω) =
∑
x∈Ω µx.
We define the spring ratio νr, for any r > 0, as follows
νr = inf
ξ∈M,x∈Bξ(r)
µx
µ
(ξ)
x
Together with the function ρξ(x), we consider another function qξ(x) - an analogue
of the square distance. We postulate the following properties of q, for some positive
constants δ, ι and R0:
1. qξ(x) ≥ 0, and qξ(x) = 0 if and only if x = ξ.
2. For any vertex ξ and for arbitrary adjacent vertices x, y ∈ Bξ(R0),
∇xyqξ ≤ ρξ(x) + ι;
clearly, we can always assume that
ι ≥ 1.
3. For any vertex ξ and all x ∈ Bξ(R0),
∆qξ(x) ≥ δ.
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Example. Let (Γ, σ) be the rectangular lattice graph defined on Zn. Let us consider
ρt(x) = max
1≤i≤n
| xi − ξi |
and
qξ(x) =
1
2
n∑
i=1
(xi − ξi)2
In other word, ρξ(x) is the l∞-distance whereas qξ(x) is determined by the l2-
distance. It can be verified that condition 1 - condition 3 are true under these settings.
Definition. Given positive numbers δ, ι and R0, we say that a weighted graph (Γ, σ)
has property P (δ, ι, R0) if there exist a distance function ρ satisfying ∇xyρξ ≤ 1 and
a function q satisfying the hypotheses 1 - 3 such that
n := δνR0+1 ≥ 1
where νR0+1 and δ which are the spring ratio and the parameter brought by the condi-
tion 3 above.
Theorem (Fan Chung, A. Grigoryan, S. T. Yau[7]). Assume that the weighted graph
(Γ, σ) has property P (n, ι, R0) and that
ω′ := inf
x∼y σxy > 0
and denote
ω := inf
x∈V
µx
Then for any finite set Ω ⊂ V the Dirichlet eigenvalue λk(Ω) satisfies
λk(Ω) ≥ a( k
µ(Ω)
)
2
n
provided
| Ω |≥ k ≥ κµ(Ω)
ωRn0
where κ = c1(n)ιn > 0 and a = c2(n)ι−2ν−2R0+1ω
′2ω2/n−2 > 0 and | Ω | is the
number of vertices.
As a corollary we have
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Theorem (Fan Chung, A. Grigoryan, S. T. Yau[7]). For the lattice graph on Zn, for any
finite subset Ω of vertices, we have
λk(Ω) ≥ a( k
µ(Ω)
)
2
n
where k is any integer between 1 and | Ω | and a = a(n) > 0.
4 Modified Ollivier’s Ricci curvature on graphs and Ricci-
flat graphs
4.1 Modified Ollivier’s Ricci curvature
Recently, Lin-Lu-Yau[11] have modified the definition of Ollivier (for Ricci curva-
ture of Markov chains on metric spaces[14]) to define Ricci curvature of a graph in
the following way.A probability distribution is a function m : V −→ [0, 1] so that∑
x∈V m(x) = 1 .For any two probability distributions, m1 and m2 , the transporta-
tion distance is
W (m1,m2) = sup
f
∑
x∈V
f(x) [m1(x)−m2(x)]
where f is any Lipschitz function with constant one:
|f(x)− f(y)| ≤ d(x, y)
Given 0 ≤ α ≤ 1 , we define the probability distributions
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mαx(v) =

α if v = x ;
1−α
dx
if v ∼ x ;
0 otherwise .
For any x, y ∈ V define α-Ricci curvature
κα(x, y) = 1−
W (mαx ,m
α
y )
d(x, y)
.
Lemma 1. κα concaves upward for 0 ≤ α ≤ 1 .
Lemma 2. κα(x, y) ≤ (1− α) 2
d(x, y)
.
When α = 0, κ0(x, y) is Ricci curvature defined by Ollivier. We have the following
theorem for κ0(x, y).
Theorem (Y. Lin, S. T. Yau[13]). The Ricci curvature of Ollivier κ0(x, y) ≥ 2dx + 2dy−2
if dx > 1 and dy > 1; κ0(x, y) = 0 if dx = 1 or dy = 1.
The lower bound can be achieved when the graph is a tree. This was showed by Jost
and Liu[9] recently. They also find a relation between the Ricci curvature of Bakry-
Emery and Olliver on graphs.
We define
lim
α→1
κα(x, y)
1− α = κ(x, y)
to be the Ricci curvature for all pairs (x,y). From this definition, we know that
κ(x, y) ≥ κ0(x, y).
Example. 1. The complete graph Kn has a constant Ricci curvature nn−1 for every
edge.
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2. The cycle Cn for n ≥ 6 has constant Ricci curvature 0 and
κ(C3) =
3
2
, κ(C4) = 1 , κ(C5) =
1
2
.
For graphsG andH , the Cartesian productGH is a graph given by V (G)×V (H)
and the two pairs (u1, v1) and (u2, v2) can be connected iff u1 = u2 and v1v2 ∈ E(H)
or u1u2 ∈ E(G) and v1 = v2 .
Theorem (Y. Lin, L.Y. Lu, S. T. Yau[11]). IfG is dG-regular andH is dH -regular, then
κGH((u1, v), (u2, v)) =
dG
dG + dH
κG(u1, u2)
κGH((u, v1), (u, v2)) =
dH
dG + dH
κH(v1, v2).
Remark. This theorem is not true if we replace κ(x, y) by κo(x, y) . This is one of the
advantage of our modified Ricci curvature.
Corollary. Suppose G is regular and has constant curvature κ. Then Gn , the n-th
power of the Cartesian product of G, has constant curvature
κ
n
.
Bonnet-Myers type theorem for graphs.
Theorem (Y. Lin, L.Y. Lu, S. T. Yau[11]). If κ(x, y) > 0, then
d(x, y) ≤
[
2
κ(x, y)
]
.
If for any edge x¯y, κ(x, y) ≥ c > 0, then
diam(G) ≤ 2
c
,
Also, λ1 ≥ c , and
V ol(G) = number of vertices
≤ 1 +
b 2c c∑
k=1
∆k
k−1∏
i=1
(
1− ic
2
)
where ∆ is the maximum degree of G .
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A random graphG(n, p) is a graph on n vertices in which a pair of vertices appears
as an edge with probability p.
For a random graph G(n, p), we have
Theorem (Y. Lin, L.Y. Lu, S. T. Yau[11]). Suppose that xy is an edge of random graph
G(n, p). The following statements hold for the curvature κ(x, y).
1. If p ≥ 3√(lnn)/n, almost surely, we have
κ(x, y) = p+O
(√
lnn
np
)
.
In particular, if p 3√(lnn)/n, almost surely, we have κ(x, y) = (1 + o(1))p.
2. If 3
√
(lnn)/n > p ≥ 2√(lnn)/n, almost surely, we have
κ(x, y) = O
(
lnn
np2
)
.
3. If 1/
√
n p 3√(lnn)/n2, almost surely, we have
κ(x, y) = −1 +O(np2) +O( lnn
n2p3
).
4. If 3
√
1/n2  p lnnn , almost surely, we have
κ(x, y) = −2 +O(n2p3) +O
(√
lnn
np
)
.
Note that we say that a property P is almost surely satisfied if the limit of the
probability that P holds goes to 1 as n goes to infinity.
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4.2 Ricci-flat graphs
Ricci-flat manifolds are Riemannian manifolds with Ricci curvature vanishes. In Physics,
they represent vacuum solutions to the analogues of Einstein’s equations for Rieman-
nian Manifolds of any dimension, with vanishing cosmological constance. The impor-
tant class of Ricci-flat manifolds is Calabi-Yau manifolds. This follows from Yau’s
proof of the Calabi conjecture, which implies that a compact Ka¨hler manifold with a
vanishing first real Chern class has a Ka¨hler metric in the same class with vanishing
Ricci curvature. There are many works to find the Calabi-Yau manifolds. Yau conjec-
tured that there are finitely many topological types of compact Calabi-Yau manifolds
in each dimension. This conjecture is still open. In this paper, we will use our modified
Ollivier’s Ricci curvature study this question on graphs.
We recall the definition of Ricci curvature on graphs introduced by Fan Chung and
Yau in 1996[6]. We say that a regular graph G has a local k-frame at a vertex x if there
exist injective mappings η1, . . . , ηk from a neighborhood of x into V so that
1. x is adjacent to ηix for 1 ≤ i ≤ k;
2. ηix 6= ηjx if i 6= j
The graph G is said to be Ricci-flat at x if there is a local k-frame in a neighborhood of
x so that for all i,
∪j(ηiηj)x = ∪j(ηjηi)x.
It is easy to show that the Ricci flat graphs defined by Chung and Yau are the Ricci-
flat graphs in the sense of Ollivier’s definition, and are the graphs with non-negative
Ricci curvature of our modified definition.
The girth of a graph is the length of a shortest cycle contained in the graph.
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(a) Dodecahedral (b) Petersen (c) Half-dodecahedral
The following theorem is our main result:
Theorem (Y. Lin, L.Y. Lu, S. T. Yau[12]). Suppose that G is a Ricci flat graph with
girth g(G) ≥ 5, then G is one of the following graphs:
1. the infinite line
2. cycle Cn with n ≥ 6
3. the dodecahedral graph
4. the Petersen graph
5. the half-dodecahedral graph
Since the Cartesian product of two regular Ricci-flat graphs is still Ricci-flat, there
are infinite number of Ricci-flat graphs with girth 4. Same happens for girth 3.
The homogeneous graph Γ associated with an abelian group H is Ricci-flat in the
sense of Chung and Yau. That means that H is a subgroup of automorphism group
of Γ and H acts transitively on the vertex set V of Γ, i.e. for any two vertex u and v
there is an f ∈ H such that f(u) = v. So there are tremendous number of Ricci-flat
graphs in the sense of Chung and Yau and therefore Ricci-flat graphs in the sense of
Ollivier. They are either girth 4 or 2. Our modified Ricci curvature are good definition
to classify the Ricci-flat graphs.
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5 Exterior forms on digraphs(A. Grigor’yan, Y. Lin, Y.
Muranov, S. T. Yau[8])
5.1 homology and cohomology of digraphs
A differential calculus on an associative algebra A is an algebraic analogue of the
calculus of differential forms on a smooth manifold. The discrete differential calculus
is based on the universal differential calculus on an associative algebra of functions on
discrete set. By a natural way, we can consider this calculus as a calculus on a universal
digraph with the given discrete set of vertexes. This approach gives an opportunity to
define differential calculus for every subgraph of the universal digraph.
Given a finite set V , we define a p-form ω on V as K-valued function on V p+1.
The set of all p-forms is a linear space over K that is denoted by Λp. It has a canonical
basis ei0...ip . For any ω ∈ Λp we have
ω =
∑
i0,...,ip∈V
ωi0...ipe
i0...ıp
where ωi0...ip = ω(i0, . . . , ip). The exterior derivative d:Λ
p → Λp+1 is defined by
(dω)i0...ip+1 =
p+1∑
q=0
(−1)qωi0...iˆq...ip+1
and satisfies d2 = 0, where the hat iˆq means omission of the index iq .
We define a subspace Rp ⊂ Λp of regular forms that is spanned by ei0...ıp with
regular paths i0 . . . ip (whenik 6= il+1), and observed that the spaces Rp are invariant
for d.
A p-path on V is a formal linear combination of the elementary p-paths ei0...ip ≡
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i0 . . . ip and the linear space of all p-paths is denoted by Λp. For any v ∈ Λp we have
v =
∑
i0,...,ip∈V
vi0...ipei0...ip
and a pairing with a p-path ω
(ω, v) =
∑
i0,...,ip
ωi0...ipv
i0...ip
The dual operator ∂ : Λp+1 → Λp is given by
∂ei0...ip+1 =
p+1∑
q=0
(−1)qei0...iˆq...ip+1
Let Ip be the subspace of Λp that is spanned by ei0...ip with irregular paths i0 . . . ip.
Then the spaces Ip are invariant for ∂, which allows to define ∂ on the quotient spaces
R = Λp/Ip. For simplicity of notation we identify the elements of Rp with their
representatives that are regular p-paths. Then ei0...ip with irregular i0 . . . ip are treated
as zeros.
A digraph is a pair of (V,E) where V is an arbitrary set and E is a subset of V ×
V \diag. The elements of V are called vertices and the elements ofE are called(directed)
edges. The set V will be always assumed non-empty and finite.
Let i0 . . . ip be an elementary regular p-path on V. It is called allowed if ikik+1 ∈ E
for any k = 0, . . . , p−1, and non-allowed otherwise. The set of all allowed elementary
p-paths will be denoted by Ep,and non-allowed by Np. For example E0 = V and
E1 = E.
Denote byAp = Ap(V,E) the subspace ofRp spanned by the allowed elementary
p-paths, that is,
Ap = span{ei0...ip : i0 . . . ip ∈ Ep}
= {v ∈ Rp : vi0...ip = 0 ∀i0 . . . ip ∈ Np}
The elements of Ap are called allowed p-paths.
17
Similarly, denote by N p the subspace of Rp, spanned by the non-allowed elemen-
tary p-forms, that is,
N p = span{ei0...ip : i0 . . . ip ∈ Np}
= {ω ∈ Rp : ωi0...ip = 0 ∀i0 . . . ip ∈ Ep}
Clearly, we haveAp = (N p)⊥ where ⊥ refers to the annihilator subspace with respect
to the couple (Rp,Rp) of dual spaces.
We would like to reduce the space Rp of regular p-forms so that the non-allowed
forms can be treated as zeros. Consider the following subspaces of spacesRp
J p ≡ J p(V,E) := N p + dN p−1
that are d-invariant, and define the space Ωp of p-forms on the digraph (V,E) by
Ωp ≡ Ωp(V,E) := Rp/J p
Then d is well-defined on Ωp and we obtain a cochain complex
0→ Ω0 d−→ . . . d−→ Ωp d−→ Ωp+1 d−→ . . .
Shortly we write Ω = R/J where Ω is the complex and R and J refer to the
corresponding cochain complexes.
If the digraph (V,E) is complete, that is, E = V × V \ diag then the spaces N p
and J p are trivial, and Ωp = Rp.
Consider the following subspaces of Ap
Ωp ≡ Ωp(V,E) = {v ∈ Ap : ∂v ∈ Ap−1}
that are ∂-invariant. Indeed, v ∈ Ωp ⇒ ∂v ∈ Ap−1 ⊂ Ωp−1. The elements of Ωp are
called ∂-invariant p-paths.
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We obtain a chain complex Ω
0←− Ω0 ∂←− Ω1 ∂←− . . . ∂←− Ωp−1 ∂←− Ωp ∂←− . . .
that, in fact, is dual to Ω.
By construction we have Ω0 = A0 and Ω1 = A1 so that
dimΩ0 =| V | and dimΩ1 =| E |,
while in general Ωp ⊂ Ap
Let us define the (co)homologies of the digraph (V,E) by
Hp(V,E) := Hp(Ω) and Hp(V,E) := Hp(Ω)
Recall that Hp(V,E) and Hp(V,E) are dual and hence their dimensions are the same.
The values of dimHp(V,E) can be regarded as invariants of the digraph (V,E).
Note that for any p ≥ 0
dimHp(Ω) = dim Ωp − dim ∂Ωp − dim∂Ωp+1
Let us define the Euler characteristic of the digraph (V,E) by
χ(V,E) =
n∑
p=0
(−1)pdimHp(Ω)
provided n is so big that
dimHp(Ω) = 0 ∀ p > n
Example. Consider the graph of 6 vertices V = {0, 1, 2, 3, 5} with 8 edges E =
{01, 02, 13, 14, 23, 24, 53, 54}.
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Figure : 1
Let us compute the spaces Ωp and the homologies Hp(Ω). We have
Ω0 = A0 = span{e0, e1, e2, e3, e4, e5}, dimΩ0 = 6
Ω1 = A1 = span{e01, e02, e13, e14, e23, e24, e53, e54}, dimΩ1 = 8
A2 = span{e013, e014, e023, e024}, dimA2 = 4
The set of semi-edges(we say a pair ij of vertices is a semi-edge if it is not an
edge but there is a vertex k so that ik and kj are edges) is S = {e03, e04} so that
dimΩ2 = dimA2− | S |= 2. The basis in Ω2 can be easily spotted as each of two
squares 0, 1, 2, 3 and 0, 1, 2, 4 determine a ∂-invariant 2-path, whence
Ω2 = span{e013 − e023, e014 − e024}
Since there are no allowed 3-paths, we see that A3 = Ω3 = {0}. It follows that
χ = dimΩ0 − dimΩ1 + dimΩ2 = 6− 8 + 2 = 0
Let us compute dim H2:
dimH2 = dimΩ2 − dim∂Ω2 − dim∂Ω3 = 2− dim∂Ω2.
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The image ∂Ω2 is spanned by two 1-paths
∂(e013 − e023) = e13 − e03 + e01 − (e23 − e03 + e02)
= e13 + e01 − e23 − e02
∂(e014 − e024) = e14 − e04 + e01 − (e24 − e04 + e02)
= e14 + e01 − e24 − e02
that are clearly linearly independent. Hence, dim∂Ω2 = 2 whence dimH2 = 0.
The dimension of H1 can be computed similarly, but we can do easier using the
Euler characteristic:
dimH0 − dimH1 + dimH2 = χ = 0
whence dim H1 = 1.
In fact, a non-trivial element of H1 is determined by 1-path
v = e13 = e14 − e53 + e54
Indeed, by a direct computation ∂v = 0, so that v ∈ ker∂ |Ω1while for v to be in
Im∂ |Ω2 it should be a linear combination of ∂(e013− e023) and ∂(e014− e024),which
is not possible since they do not have the term e54.
We can do some transformations of digraphs to get the homology and cohomology
group for new graphs.
We can define the Hodge Laplacian on p-forms, and study the spectrum of such
Laplacian. There are interesting properties of these spectrum, such as the torsion de-
fined by them, that can be developed parallel to Riemannian geometry.
Naturally these spectrum are invariants of the graph that can give a great deal of
information about the graph.
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5.2 Minimal paths and hole detection
The elements of Hp(V,E) can be regarded as p-dimensional holes in the digraph
(V,E). To make this notion more geometric, we can work with representatives of
the homologies classes, which are closed p-paths. We say that two closed p-paths u
and v are homological and write u ∼ v if u and v represent the same homology class,
that is, if u ∼ v is exact.
For any p-forms v define its length by
l(v) =
∑
i0,...,ip∈V
| vi0...ip |
Given a closed p-path v0, consider the minimization problem
l(v) 7→ min for v ∼ v0
This problem always has a solution, although not necessarily unique. Any solution is
called a minimal p-path. It is hoped that minimal p-paths(in a given homology class)
match our geometric intuition of what holes in a graph should be. We can give some
examples of minimal paths to support this claim. The following is one of the example
in dimension 2.
Example. Consider a digraph on Figure 2.
Figure : 2
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Removing successively the vertices A,B, 8, 9, 6, 7 we obtain a digraph (V ′, E′)
with V ′ = {0, 1, 2, 3, 4, 5} andE′ = {02, 03, 04, 05, 12, 13, 14, 15, 24, 25, 34, 35} that
has the same homologies as (V,E). The digraph (V ′, E′) is shown in two ways on the
following figure. Clearly the second representation of this graph is reminiscent of an
octahedron.
Figure : 3
The digraph (V ′, E′) is the same as the 2-dimensional sphere-graph. Hence we
obtain that dimH2(V,E) = 1 while Hp(V,E) = 0 for p = 1 and p > 2.
Consider a closed 2-path on (V,E)
v0 = e024 − e025 − e034 + e035 − e124 + e125
+ e134 − e135 − e634 + e614 − e613
Then a solution to the minimization problem is given by
v = e024 − e025 − e034 + e035 − e124 + e125 + e134 − e135
that is a 2-path that determines a 2-dimensional hole in (V,E) given by the octahedron.
Note that on Figure 2 this octahedron is hardly visible, but it can be computed purely
algebraically as shown above.
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